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Abstract. We establish a spectral multiplier theorem associated with a Schrodinger op- 
erator H = —A + V(x) in R 3 . We present a new approach employing the Born series 
expansion for the resolvent. This approach provides an explicit integral representation for 
the difference between a spectral multiplier and a Fourier multiplier, and it allows us to 
treat a large class of Schrodinger operators without Gaussian heat kernel estimates. As an 
application to nonlinear PDEs, we show the local-in-time well-posedness of a 3d quintic 
nonlinear Schrodinger equation with a potential. 

1. Introduction 

1.1. Statement of the main theorem. We establish a spectral multiplier theorem as- 
sociated with a Schrodinger operator H = —A + V in IR 3 for a large class of short-range 
potentials V(x). Precisely, we assume that V e /C n L 3 / 2 - 00 , where Kq is the norm closure 
of bounded, compactly supported functions with respect to the global Kato norm 



\V(y)\ 



\V\\k ■= sup '' yyJ \ dy, 
xeR3 Jrs \x - y\ 



and L 3 / 2 ' 00 denotes the standard weak L 3 / 2 -space. We also assume that H has no eigenvalue 
or resonance on the positive real-line [0, +00). By a resonance, we mean a complex number 
A such that the equation tp + (— A — A + iO)~ 1 Vip = has a slowly decaying solution 
ip e L 2 ~ S \L 2 for any s > i, where L 2 ' s = {(x) s f e L 2 }. 

Under the above assumptions, it is known that H is self-adjoint on L 2 and that its 
spectrum o~(H) is purely absolutely continuous on the positive real-line [0, +00) and has 
at most finitely many negative eigenvalues [3]. Moreover, for a bounded Borel function 
m : o~(H) — > C, one can define an L 2 -bounded operator m(H) via the functional calculus. 

The main theorem of this paper says that the operator m{H) extends to an L p -bounded 
operator for all 1 < p < 00 under a suitable regularity assumption on a symbol m. Let 
X £ C£°(R) be a standard dyadic partition of unity function such that x 1S supported in 
[5,2] and X<7Ve2 z x(jj) = 1 on (0, +00). For s > and a symbol m : o{H) — ► C, we define 

(i-i) IMkw := su p IW A ) m ((* A ) 2 )llvr- 2 ((o +00)) < 00 

where W s > 2 is the L 2 -Sobolev space of order s. 
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Theorem 1.1 (Spectral multiplier theorem). Let V e Kq n L 3 / 2 ' 00 . If H = — A + F /ms 

no eigenvalue or resonance on [0, +co) and a symbol m : cr{H) — > C satisfies ||?7i||^(6) < °°> 
f/ien 

Im^lLP—LP < ||m|| W ( 6 ), 1 < p < oo. 

Remark 1.2. When V = 0, the spectral multiplier theorem is simply the classical Hormander- 
Mikhlin multiplier theorem [5]. 

Remark 1.3 (Spectral multiplier theorem with the heat kernel estimate). The spectral multi- 
plier theorem has been studied extensively for general positive-definite self-adjoint operators 
obeying the Gaussian heat kernel estimate (see [6] and references therein). For Schrodinger 
operators H = —A + V in M 3 , it can be read as follows. Let V = V + — V- with V+,V- > 0. 
If V + is in local Kato class, that is, 

lim sup f dy = 0, 

r ^°+xeR3 J\x-y\^r \ x ~ V\ 

V- e /Co and H^-Uac < Air, then the kernel of the semigroup e~ tH , denoted by e~ tH (x,y), 
obeys the Gaussian heat kernel estimates, precisely, there exists c > such that 

e- tH (x,y) <t- 3 / 2 e-^#, f>0 

|22ll8]. The spectral multiplier theorem for then follows from [6J Theorem 3.1]. Note that 
the heat kernel estimate always fails unless H is positive-definite. Theorem 11.11 improves 
this result in that it allows H to have negative eigenvalues. 

Remark 1.4 (Spectral multiplier theorem with the wave operator). In [25], Yajima proved 
that the (forward-in-time) wave operator, defined by 

is bounded on LP for all 1 < p < oo, provided that |V(s)| ^ (x) _5_ and zero is not an 
eigenvalue or a resonance of H . Later, in [2j, Beceanu extended it to a larger class 




fc=— oo 



The spectral multiplier theorem then follows from the boundedness and intertwining prop- 
erty of the wave operator. Theorem 11.11 improves this consequence, because the potential 
class /Co n L 3 / 2 ' 00 is larger than B. 

In this paper, we present a new approach employing the Born series expansion for the 
resolvent, which allows us to treat a large class of Schrodinger operators without Gaussian 
heat kernel estimates. Let P c be the spectral projection to the continuous spectrum. Con- 
sidering the spectral multiplier m{H)P c as a perturbation of the Fourier multiplier m(— A), 
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we generate formal series expansions for the low, medium and high frequencies of the dif- 
ference {m{H)P c — m(— A)) whose terms have explicit integral representations via the free 
resolvent formula 

(1.2) {(-A-z)- 1 f){x)=\ —, -J(y)dy. 

We estimate each term, and summing them up, we prove the spectral multiplier theorem. 
Surprisingly, in spite of the singular integral nature of both m(H)P c and m{— A), their 
difference is not a singular integral operator. This observation is essential, since it allows us 
to avoid using the classical Calderon-Zygmund theory for the complicated operator m{H) 
(see Remark 4.4). 

1.2. Application to NLS. The choice of the potential class ICq n L 3//2 '°° in the main 
theorem is motivated by the following nonlinear application. Let's recall the following 
Strichartz estimates: 

Proposition 1.5 (Strichartz estimates). IfVeK-o and H has no eigenvalue or resonance 
on [0, +co), then 

\\e- itH Pcf\\ LlL r < l/IU 



1 



t e-^P c F{s)ds r!u * L ,, L ,. 



< WFLe/5, 



JO 

where | + p = § and 2 < q, r ^ oo. 

Proof. Beceanu-Goldberg [3j proved the dispersive estimate 
(1-3) le-^Pclki^oo < |t|- 3 / 2 , 

Strichartz estimates then follow by the argument of Keel-Tao [18J. □ 



Remark 1.6. The dispersive estimate of the form (1.3) was first proved by Journe-Soffer- 
Sogge under suitable assumptions on potentials p2] . The assumptions has been relaxed 
by Rodnianksi-Schlag [19], Goldberg-Schlag [TT] and Goldberg [U[T0]. Recently, Beceanu- 
Goldberg established (1.3) for a scaling-critical potential class /Co [3| [13] . 

A natural question is then whether one can use the above Strichartz estimates to show 
the local-in-time well-posedness (LWP) for a 3d nonlinear Schrodinger equation 

(NLSy) iu t + Au-Vu + lul^u = 0; u(0) = u , 

where 1 < p ^ 5, for the potential class /Co- However, if one tries to show LWP by a 
contraction mapping argument 123] . one will realize there is a subtle problem, mainly 
because the linear propagator e~ ttH does not commute with the differential operators from 
the Sobolev norms. 

In the energy-subcritical case (1 < p < 5), this problem can be solved by the norm 
equivalence between two inhomogeneous Sobolev norms |15l Lemma 3.2]: 



1 



YOUNGHUN HONG 



Lemma 1.7 (Norm equivalence: inhomogeneous case H5|). IfVelC n L3/2,oo ? then there 
exists a » 1 such that for < s < 2 and 1 < r < - , 

I (a + H)%f\\ L r ~ 

Sketch of Proof. Choosing a » 1, one can make (a + -ff) satisfy the Gaussian heat kernel 
estimate, and the spectral multiplier theorem [6] thus implies boundedness of imaginary 
power operators. The norm equivalence then follows from the argument of [Tj- O 

By the norm equivalence, one can switch from one norm to another during in a contraction 
mapping argument, and we thus establish LWP: 

Theorem 1.8 (LWP: energy-subcritical case [T5] ) . Let 1 < p < 5. Suppose that V e 
/Co n L 3 / 2 ' 00 and P /ias no eigenvalue or resonance on the positive real-line [0, +oo). Then 
NLSy is locally well-posed in H . 

Consider the energy-critical case p = 5. Recall that if V = 0, the equation is locally 
well-posed in the homogeneous space H . One may expect that the same is true in the 
presence of a potential. Now, we have to make use of Theorem ll.il since H does not satisfy 
the Gaussian heat kernel estimate by itself. We then establish the norm equivalence and 
LWP of an energy-critical equation: 

Lemma 1.9 (Norm equivalence). IfVe /ConL 3 / 2 ' 00 and H has no eigenvalue or resonance 
on the positive real-line [0, +oo), then for ^ s ^ 2 and 1 < r < 

||#iP c (-A)-f/|| Xr < |/|| £ r,||(-A)ffl-fP c /||xr < ||/|| L r. 

Theorem 1.10 (LWP: energy-critical case). IfVeK-on L 3 / 2 ' 00 and H has no eigenvalue 
or resonance on the positive real-line [0, +oo), then NLSy is locally well-posed in H 1 . 

Remark 1.11. (i) The range of r in the norm equivalence (Lemma 1.7 and 1.9) is sharp. 
See the counterexample in |21j . 

(ii) Throughout the paper, we assume that V is contained in _L 3 / 2 '°°. This extra assump- 
tion is not necessary for Strichartz estimates (Proposition 1.5), but is necessary in the 
interpolation step in the proof of the norm equivalence. 

1.3. Organization of the paper. The outline of the proof of Theorem 11.11 is given in §2: 
we decompose the spectral representation of the difference {m{H)P c — m(— A)) into the low, 
medium and high frequencies, and then analyze them separately in §4-6. In §7, we establish 
LWP of a 3d energy quintic nonlinear Schrodinger equation with a potential. 

1.4. Notations. For an integral operator T, its integral kernel is denoted by T(x,y). We 
denote by A 11 = "P the formal identity which will be proved later. 

1.5. Acknowledgement. The author would like to thank his advisor, Justin Holmer, for 
his help and encouragement. He also would like to thank X. T. Duong for his insightful 
discussion. 
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2. Reduction to the Key Lemma 

Suppose that V e ICq and H has no eigenvalue or resonance on [0, +oo). For z $ cr(H), 
we define the resolvent by Rv(z) ■= (H — z)^ 1 , and denote 

Ry(\) := s-lim J Ry(A + ie). 

By the Stone's formula, the spectral multiplier operator m{H)P c is represented by 

1 f 00 1 f 00 

m(H)P c = m(X)[R+(X) - R-(X)]dX = - m(X)lmR+(X)dX. 

2v™ Jo v v n j Q 

Then, by the identity 

R+(X) =R+(X)(I + VR+(X))- 1 = R+(X) - R+(X)(I + VR+(X))- 1 VR+(X), 

we split m{H)P c into the pure and the perturbed parts: 

1 f 00 if 00 
m( J ff)P c = - m(A)Imi?+(A)dA- - m{X)lm[R+(X){I + VR+{X))- 1 VR+{X)]dX 
n Jo ^ Jo 

= m(-A) + Pb, 

where 

1 f 00 

Pb:= m(A)ImLR+(A)(/ + VR+ (X))- 1 VR+ (X))]dX. 

K Jo 

For the pure part m{— A), we apply the classical Hormander multiplier theorem |16j : 

||m(-A)|| L p_ LP < ||m|| 3 , 1 < p < go. 

To analyze the perturbed part, we further decompose it into dyadic pieces. Let \ be the 
smooth dyadic partition of unity function chosen in (1.1), and decompose 

Pb = 2 Pb,v 

Ne2 z 

where 

1 f 00 

(2.1) Pb*:=— m(X)xN(VX)lm[R+(X)(I + VR+(X))- 1 VR+(X)]dX. 

71" Jo 

For a small dyadic number Nq and a large dyadic number N% to be chosen later, we denote 
the low (high, resp) frequency part by 

Pb^7V := X PbAr, (Pb^ := ^ Pb^v, resp). 

N^N jV>iVi 

In the next four sections, we will show the following lemma: 

Lemma 2.1 (Key lemma). Suppose that V e /Co n L 3 / 2 ' 00 and /ias no eigenvalue or 
resonance on [0, +oo). 

(i) (High frequency) There exists N\ = Nx(V) » 1 suc/i f/iaf 

UPb^TV! || LP ,i_ L p,co < ||m|| w(6 ) , 1 < p «S 2. 
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(ii) (Low frequency) There exists Nq = Nq(V) « 1 such that 

l|Pb<jV Q ||z,P,i->.LP,°° ^ IMk(6) ; 1 < P < 2. 

(iii) (Medium frequency) For Nq < N < N\, 

||Pbjv||iP,i^.ip,oo iSnq.Ni \\ m \\u(e), 1 <p 2. 
Here, LP* 1 and L p,0 ° are i/ie Lorentz spaces (see Appendix A). 

Proof of Theorem assuming Lemma \2.1{ By Lemma 3.6 (below), it suffices to show the 
boundedness of m{H)P c . Indeed, summing the estimates in Lemma 12, 11 we obtain that Pb 
is bounded from to L p,aD for 1 < p < 2. Hence, by the interpolation theorem (Corollary 
IA.5|) . Pb is bounded on L p for 1 < p ^ 2, and so is m{H)P c = m(— A) + Pb. Observe that 
if me H(s), then m e T~L(s). Hence, by duality, m{H)P c = rh(H)*P c is bounded on L p for 
2 ^ p < oo. □ 



3. Preliminaries 



3.1. Resolvent estimates. We prove kernel estimates for VRq (A), V(Rq (A) — i?^(Ao)), 
(yi?([(A)) 4 and (/ + yi?J(A)) _1 , all of which will play as building blocks for Pb^r- 

Lemma 3.1. Suppose that V e ICq. 



\VB^(X)\\ L i^ L i 



\\V\\k 



/orA^O. 

(ii) Define the difference operator by B\,x ■= V(Rq(X) — -Rq (Ao)). For e > 0, there exist 
5 > and an integral operator B = B e e ^(L 1 ) such that \B\ t \ (x, y)\ < B(x,y) for 
| A — Ao | ^ S and A, Ao > 0, and \\B(x, y) ^ e - 

(iii) For e > 0, there exist N\ » 1 and an integral operator D = D e e ^(L 1 ) such that 
|(^+(A)) 4 (x,y)| s; D(x,y) for \>N t and \\D(x,y)\\ LfLh s; e. 

Proof, (i) By the free resolvent formula and the Minkowski inequality, we have 

p v('i^c i ^ Xx ~ y \\v\\k 

||Fit: + (A)/|| L1 < l^f \f(y)\dy< 



l/l 



L 1 ■ 



(ii) For e > 0, decompose V = V\ + V 2 such that V\ is bounded and compactly supported 



and || V 2 1| k ^ e - We choose 5 > such that |vA 
I A — Ao I ^ S. By the mean- value theorem, 

V\ (x) (e i ^\ x ~y\ — e *V^o]a;-2/h 



e||Vi||~i for all A, A ^ with 



4tt\x — y\ 

\Vi(x)\\V\ - VX~o\ 
4tt 



V 2 (x)(e 



iV\\x—y\ _ p i«/X~o\x~ y\ 



27r|x — y\ 



4tt\x — y\ 
e\Vi(x)\ , \V 2 (x)\ 



Then, 



\B e (x,y)\ LfLl ^ — 



4tt||Vi|| l i 
\V2\k 



2ir\x — y\ 



--: B e (x,y). 



2tt 



s: e. 
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(Hi) Similarly, for e > 0, decompose V = V\ + V 2 such that V\ is bounded and compactly 
supported and ||V2||k; e||V||^ 3 . We then write 

\(VR+(X)f(x,y)\ < \(V x Rt(\))\ Xl y)\ + |(Vil+(A))*(s, y) - (ViRq (X)) 4 (x,y)\. 



Observe that, by the fractional integration inequalities, the Holder inequalities in the 
Lorentz spaces (Lemma A. 2) and the free resolvent estimate \\Rq (A)||£4/3_£4 5s (A)~ 1//4 
|121 Lemma 2.1], we have 

||i? + (A)(lqi? + (A)) 3 /||L« < ||(Vii?o (A)) 3 /|| L 3/2,i ||T^i|| w \\R+(X)(V 1 R^(X)) 2 f\\ L s,o a 

< \\(ViR£(\)) 2 f\\ L i < \\V 1 \\ Li/:i \\R+(X)V 1 R+(X)f\\ L 4 <<A>- 1 / 4 ||y 1 i2+(A)/|| L4 /3 



< 



(XyHv^WR+Wn 4/3 <<A>-3 f \f(y)\dy<(\)--*\\f\ lv . 
Kbsu PpVi J K 3 \x-y\ Lj e d suppVi 



Taking / — ► d(--y), we obtain that \R$ (X)(ViRq (A)) 3 (x, y)\ -> as A -»■ +00. Thus, there 
exists iVi = Ni(e, V e ) » 1 such that if A > iVi, then 

|(lqi? + (A)) 4 )(x, y )| < =: Z^s.y). 

^II^iIIl 1 

For the second term, we split 

(VR+(X))Hx,y)~(V 1 R+(X)) i (x,y) 

= (V 2 R+(X)(VR+(X)f)(x,y) + (VR+(X)V 2 R+(X)(VR+(X)) 2 )(x, y) 
+ ((V 1 R+(X)) 2 V 2 R+(X)VR+(X))(x,y) + ((F 1 i? +(A)) 3 y 2 i? +(A))( a; ,y). 
But, since the kernel of -R^ (A) is bounded by the kernel of Rq(0) = (— A) -1 , we have 
\(VR+(X))\x,y)-(V 1 R+(X))\x,y)\ 

^ (\V 2 \R+(0)(\V\R+(0)f)(x,y) + (\V!\I$mV2\I$m\V\B$(0)) 2 )(x,v) 

+ ((|^ 1 | J R+(0)) 2 |^ 2 | J R+(0)|V^| J R+(0))(rr, 2/ ) + ((|V^ (0)) 3 | Val^ (0))(x, y) =: D 2 (x,y). 

Therefore, we get the upper bound 

\(VR+(X)) 4 (x,y)\^D(x,y) := Dfay) + D 2 (x,y), 

and as in (ii), one can check that \\D(x, y) Wl^lI ^ e - ^ 

By algebra, the resolvent Ry(X) can be written as 

R+(Xy = »R+(X)(I + VR+(X))-\ 

The following lemmas say that (/ + VRq(X)) is invertible in C(L l ) for A > 0, its inverse 
(I + VRq (A)) -1 is uniformly bounded in C(L l ), and is the sum of the identity map and an 
integral operators: 

Lemma 3.2 (Invertibility of (I + VRq (A))). If V e /Co and H has no eigenvalue or reso- 
nance on [0, +00), then (I + VRq (A)) is invertible in £ 1 (L 1 ) for A ^ 0. 
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Proof. If it is not invertible, there exists 92 e L 1 such that (I + VRq(\))(p = 0. Then, 
Y> := (\)<p solves V + i?o (A)U^ = 0, and 

\\(x)- s tP\\ L 2 = \\(x)- s r+(\m L 2 < f * r >(y)l*/ £ IMUi 

jr 3 vv i x ~~ y\ L x 

for any s > \. Hence, A is an eigenvalue or a resonance (contradiction!). □ 

Lemma 3.3 (Uniform bound for (I + VRq (A)) -1 ). IfVeJCo and H has no eigenvalue or 
resonance on [0, +00), then S\ := (I + VRq (A)) -1 : [0, +00) — > C{L l ) is uniformly bounded. 

Proof. Iterating the resolvent identity, we get the formal identity: 

00 

(3.1) (/ + VRq(X))^ 1 " = "(7 - VR+(X) + (VR+(X)f - (VR+(X)f) £ (VR+(X)f". 

Indeed, by Lemma 3.1 (Hi), \\{VRq(X)) 4 \\li^.i,i < \ for all sufficiently large A. Hence, 
the formal identity (3.1) makes sense, and [1 + VRq (A)) -1 is uniformly bounded for all 
sufficiently large A. Thus, it suffices to show that (I + VRq (A)) -1 is continuous. To see 
this, we fix Ao ^ and write 

(/ + VR+iX))- 1 - (I + VR+iXo))- 1 = (I + VR+(X ) + B^)- 1 - S Xo 

= i(I + VR+(X )(I + Sao^a,,)]- 1 - S Xo = (I + S^Bx^Sx, - S Xo 

n=0 n=l 

Then, by Lemma 3.1 (ii), we have 

00 

||(/ + ^ + (A))- 1 -(/ + ^ + (A ))- 1 || Ll ^ 1 ^ 2 ll^oll^H^Aoll^Li 



n=l 

AollL^LiH^A.AollL^L 1 



ll'S'Anll?! .rlll-B 



as A — > Aq. 



1 - I|S , A ||l 1 ^L 1 II- B A,AoIIl 1 ^L1 
Therefore, the formal identity (3.2) makes sense, and (I + VRq (A)) -1 is continuous. □ 

Lemma 3.4. If V e /Co and H has no eigenvalue or resonance on [0, +oo), then Sx '■= 
(Sx — I) = (I + VRq (A)) -1 — I : [0, +00) — > C(L r ) is not only uniformly bounded but also 
an integral operator with kernel S\(x,y): 

(3.3) S := sup USaIIli^l 1 = sup \\S\(x, y)h^Ll < °°- 

A>0 A550 y 

Proof. By algebra, we have 

S X = (I + VR+iX))- 1 -/ = -(/ + yi?+(A))-Vi?+(A) = -S X VR+(X). 

Consider Fy(x;y, A) := V(x) ^^.IJj as a f unc ti° n °f x with parameters y e 1R 3 and A e 
R, which is bounded in uniformly in y and A. Hence, by Lemma 3.3, so(x;y,X) := 
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— [S\Fy(-; y, X)](x) is also a uniformly bounded L\- "function," in other word, 

5:= sup sup ||so(x; y, A)||^i < oo. 

Then, by the Fubini theorem and the duality, we write 

( s (x;y,X)f(y)dy)g(x)dx = - ([S x F v (x;y,X)],g(x)) L 2f(y)dy 

= - f (F v (x;y,\),(S$g)(x)) L 2f(y)dy = - f (f F v (x;y,X)f(y)dy)(S* x g)(x)dx 

= -(VR+(\)f,S* x g) L2 = -(S x VR+(X)f,g) L 2 = (S x f,g) L 2. 

We thus conclude that S x (x,y) is an integral operator satisfying (|3.3p . □ 

3.2. Spectral projections and eigenfunctions. Let x be the dyadic partition of unity 
function chosen in (1.1), and let Xat(A) e C£°(R) such that Xat(A) = xi^ff) if A ^ 0; 
Xn(X) = if A < 0. By functional calculus, we define the Littlewood-Paley projections by 
Pn = Xn(H), P^No = Hn<N Pn > Pn <-<Ni = UnqkNkN! P N and P>Ni = TiN^Ni 

Lemma 3.5. Suppose that V e /Co n L 3 / 2 ' 00 and H has no eigenvalue or resonance on 
[0, +oo). Let 6:={/eL 1 nI c0 : P c f = P No <-<nJ for some N , N x > 0}. For 1 < r < oo, 
(3 is dense in L r . 

Proof. L 1 n L 00 is dense in LP . Fix / e L l n L 00 . We claim that limjv ^o ||-f<iVo/ll-L r = 0- 
By the spectral theory, lim^ ^o ll-f^A^o/ Hi 2 = 0- O n the other hand, replacing by 
Hn<n Xn in the proof of [HI Corollary 1.6], one can show that H-F^jvo/Hz, 1 an d \\P<N f\\L co 
are bounded uniformly in Nq. Hence the claim follows from the interpolation. By the same 
argument, one can show that lirn/v 1 -»oo \\P>N 1 f\\L r = 0. Thus, 6 is dense in U . □ 

Lemma 3.6 (Boundedness of eigenfunctions). Suppose that V e /Co n L 3//2,co and H has 

no eigenvalue or resonance on [0, +oo). Let tpj be an eigenfunction corresponding to the 
negative eigenvalue Xj. 

(i) For all 1 < p < oo, ipj e LP and P x . is bounded on LP , where P x is the spectral projection 
onto the point {Xj}. 

(ii) Vipj e U for 1 < r < 3. 

Proof, (i) We prove the lemma following the argument of [2]. We decompose V = V1 + V2 
such that V\ is compactly supported and bounded and ||V2||a; ^ 1- Then, 

il>j + M^)V4>j = if>j + M^jWi + V 2 )il>j = 

00 

=> = -(/ + ^o(A J )y 2 )" 1 ^o(A i )FiVi = - 2 (- J R (A,)y 2 ) n J R (A i )y 1 ^. 

n=0 
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Observe that, since V\ e Cf and Xj < 0, Ro(\j)Viipj is exponentially decreasing. Indeed, 
for sufficiently small e > 0, by the fractional integration inequality and the Holder inequality 
in the Lorentz spaces (Lemma A. 2), we have 

\e^(Ro(X 3 )Vif)(x)\ <e e H f 6 . ~ A> " l \V 2 (y)\\^(y)\dy 

Jrs 4tt\x - y\ 



r e_(_^J^_^ eeM ^ je^Vi^jh^ % ||e £| V 2 || i6 , 2 \\^ I 

Jrs 4tt\x - y\ 



< 



L 2 ■ 



Similarly, one can check that e t ^Ro(Xj)\ / 2e e is bounded on L 00 and its operator norm is 
less then 1. Thus, we prove that 

oo 

||e eM ^-||L» < ( 2 ||e eM iio(A J )^e^ M ||2oo^ i oo)||e eM i?o(A j )F 1 ^||Lx. < oo. 

n=0 

Therefore, tpj e IP and P\^f = (ipj, f^ip^i is bounded on IP for all 1 < p ^ oo. 
(ii) Since Xj < 0, by the inhomogeneous Sobolev inequality, we get 

ll V ^jllLl+ = IIV-Rq {\j)Vi>j\\ L l+ < 11^1^1+ «S 1^11^3/2,00 \\lpj\\ L 3+,l < 00, 

II Wi||l,8- = \\VRo(Xj)Vlpj\\ L 3- < ||V^j|| W r-X,S- < ||yVill L 3_ «S ||V r || L 3/2,<X)||V'j|l LOO -,4- < °°- 

Thus, interpolation gives (ii). □ 

4. High Frequency Estimate: Proof of Lemma |2~T1 (i) 

4.1. Construction of the formal series expansion. Let JVi » 1 to be chosen later in 
Lemma 14.31 For N ^ N\, we construct a formal series expansion of the kernel of Pb^v as 
follows. Iterating the resolvent identity, we generate a formal series expansion 

oo 

(I+VB+(X)r lu = ^(-VR+(X)) n . 

Plugging this formal series into (2.1), we write 
00 f— 1"l n+ i f 00 

Pbiv" = " Y — m(X) X N(VX) lm[R+(X)(VR+(X)) n VR+(X)]dX. 

n=o n J o 

By the free resolvent formula (1.2) (for the first and the last free resolvents) and Fubini, 
the kernel of Pb^ is written as 

00 ( i\n+l roo 



Pb N (x,y)« = " V ^ m(A) X 7v(v^) 

oo 

2(-l) n+1 Pb^(x,x,y,y)j^dy, 



167r 3 |x — x| |y — y| 



n=0 
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where 

(4.2) Pb n N (x,x,y,y) = f° m(X) XN (VX) I m [ e ^(\*-$\+\v-y\) ( V R+(X)) n (x, y)]dX. 

Jo 

The series expansion (4.1) makes sense only formally at this moment, but it is expected to 
be absolutely convergent for large N by Lemma 3.1 (Hi). 

4.2. Kernel estimates for Pb^,. First, we prove that the intermediate kernel Pb^(x, x, y, y) 
decays away from x = x, and y = y: 

Lemma 4.1 (Decay estimate for Pb^). There exists K2 ec (x,y) such that for si,S2 ^ 0, 

fA ^ ,p,„, ~~ s I ^ N2 \M\u(s 1+ s 2 )K2 ec (x,y) 

(4-3) \Pbir(x, x, y, y)\ < — — ^ — — , 

y J 1 Ny yyJl (N(x-x)) s ^(N(y-y)) s ^ 

(4-4) \\K2 ec (x,y)\\ L ?Ll ^(\\V\k/^T- 

y x 

For the proof, we need the following lemma: 

Lemma 4.2 (Oscillatory integral). For s ^ 0, 

f 00 r- 
(4.5) m(X)xN(VX)lm(e WXcT )dX < N 2 \\m\\ H{s) (Na)- s . 

Jo 

Proof. By abuse of notation, we denote by X the even extension of itself. By making change 
of variables A >-> N 2 X 2 , we write the above oscillatory integral as 

N 2 f 2Am(A^ 2 A 2 )x(A)sin(iVAcj)dA = iV 2 f \m{N 2 \ 2 ) X {\)e iXNa d\ 
Jo Jr 

AT 2 

= N 2 (m(N 2 X 2 )X X (X)y(Na) = ^---((vy(m(N 2 X 2 )X X (XW(Na). 

But, since 

||«V> s (m(A7 2 A 2 )A X (A))) v || L ™ <c \\m(N 2 \ 2 )\ X (\)\\w«A £ \\m(N 2 X 2 ) x (X)\\ W s^ \\m\\ H(s) , 
we obtain the lemma. □ 
Proof of Lemma \4.1\ First, using the free resolvent formula, we write 
Pb%(x, x,y,y) 

rco r n n n+1 p iVX\x k -x k+1 \ , 

= m(\)x N (VX)lm\ \ Y\V(x k ) ±l> =° ,dx (2jn) dA 

Jo 1 Jrs(«-i) £ = \ llfc=i4vr|x fc -Xfc + i| ') 

= f nn^f^ 1 , { rm(A)xA r (VA)Im( e ^+ 1 )dA}dx (2 , n) , 
J R3 (n-i) nfc=i 4 7r|x fc - x k +i\ Uo - 1 

where x := x x := x, x n+1 := y, x n+2 := y, dx(2,n) '■= dx 2 ■ ■ ■ dx n and a n := Xi"=o \ x j ~ 
Xj + i\. Then, by Lemma 14.21 with s = s\ + s 2 an d the trivial inequality 

n+l 

\x - Xi\,\x n+1 - X n+2 \ «S cr„+l = £j \ X 3 ~ ^J+ll) 

J=0 
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we obtain that 



, p ,„, ~ ~ \ i <- Ar2 ll" 1 llw(si+s 2 )^d ec (^,y) 

|Pb^(x,a:,2/,2/)| < 



(N{x-x)y>i(N(y-y)y»' 
where 

K deA x >y) = \ TT" A~\ T dx (2,n)- 

By Lemma 3.1 (i), we conclude that \\K2 ec (x,y)\\ L <p L i ^ (||V ||A;/47r) n . □ 

Next, we prove that the formal series (4.1) is convergent for large N: 

Lemma 4.3 (Summability for Pb^r). There exist a large number N\ = N±(V) » 1 and 
K£ um (x, y) such that for N ^ N\, 

(4-6) \Vb n N {x,x,y,y)\ < N 2 \\m\\ n{6) K^ um {x, y), 

(4-7) \\K^ m (x,y)\\L^Ll^\\V\\ K n . 

y x 

Proof. For e : = ||^||^ 4 ' choose N± » 1 and an operator D from Lemma 3.1 (Hi). Set 
K- um (x,y) := |(Z)LfJ(|y|(-A)-Y- 4[ %*,y)l 

where [a\ is the largest integer less than or equal to a. Then, by definition (see (4.2)), it is 
easy to check (4.6). Moreover, (4.7) follows from Lemma 3.1 (i) and (Hi). □ 

4.3. Proof of Lemma 12.11 (i). Choose N\ from Lemma 14.31 We want to show that 

\\Ph >Nl \\ LT 3_ tl ^ L: 3_ tao < |H| W(6 ), < e < §. 

(Step 1. Kernel estimate for Pb^^) We claim that there exists K(x,y) e L^L\ such 
that 



(4-8) \Pb> Nl {x,y)\ sc \\m\\ n{G) jj 



K(x,y)\V(y)\ 
x — x| 3 ~ e |y — y\ 1+e 



dxdy. 



Interpolating (4.3) (with s\ = 4 and S2 = 2) and (4.6), we get 

\Pb n N (x,x,y,y)\ = |Pb^(x,x,y,y)| 1 / 2 |Pb^(x,x,y,y)| 1 / 2 

N 2 \\m\\ 



< 



!M—-K2 ec (i,y) 1 / 2 K um (x,y) 1 / 2 . 



(N(x - x)Y{N{y - y)> 
Define 

(4.9) K(x,y) = 2 K2 ec {x,y) ll2 K um {x,y) 1 ' 2 . 

n=0 

Going back to the definition of Pbjv(:c,y) in (4.2), we see that 

|p , ( < ff N 2 \\m\\ H{6) K(x,y)\V(y)\ 

\Pb N {x,y)\ < — — J-j- — — rrdxdy. 

J J \x - x\{N(x - x)Y\y -y\{N(y - y)) 
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Summing in N, we get 

J J \x-x\\y-y\ I ^ (N(x - x))\N(y - y)) ) 
Observe that, by the definition (4.9), the Holder inequality, (4.4) and (4.7), we have 

CO II t I- II In 00 -j 

ii^.s)ii^s(^)" / Viir^s^<- 

n=0 n=0 v ' 

For (4.8), it suffices to show that 



N 2 1 
(4 ' 10) Jj z (Nxy(Ny) < WFW 

Fix x,y e M 3 , and consider the following four cases: 
(Case 1: N < min(|a;| _1 , 

iV 2 „o / 1 1 \ 2 1 



2 /A/^-WAAA ^ 2 iV 



2 ^ min I i — r, i — r 1 ^ 



(Case 2: la]- 1 < N < ly^ 1 ) 

y N2 < y N2 y — < 1 y N e < 1 

^ n (Nx) 2 (Ny)^ ^N 2 \x\ 2 ~ ^ Id 2 ^ \x\ 2 -'^ n ^ M 2 ~ £ |yK 

Case 2 x / \ »/ Case 2 1 1 Case 2 1 1 1 1 Case 2 11 |y| 

(Case 3: \y\~~ 1 < JV < | | 1 ) 

y * 2 < y *1 = y *UJ- y a 2 - < 1 . 



(Case 4: N > max(|x|~\ |y| -1 )) 

y ^ 2 < 1 y 1 < 1 / 1 1 \~1 < 1 

Summing them up, we prove (4.10). 

(Step 2. Proof of Lemma 12.11 (i)) Let Tk be an integral operator with kernel K(x,y) 
(so, Tk is bounded on L l ). By (4.8), we have 

IPIWII^,. ^ NII W (6)ll|vr e r x (|y||vr( 2 -)(|/|))|| L ^ iO0 . 

Thus, by the fractional integration inequality and Holder inequality in the Lorentz spaces 
(see Appendix A), we prove 

iivr e r*(Mivr< 2 - e >(i/i))i 3 >00 < iiT X (|F||vr( 2 -)(i/i))n Li 

(4.11) L 

£ lll^l|vr (2 - e) (|/|)|| L i < w\\L^AM- {2 - e) \n\\ L ^ ^ 
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Remark 4.4. In (4.11), we only used the fractional integration inequality and the Holder 
inequality. Note that after applying the fractional integration inequality, we always have 
the L p,l? -norm with smaller p on the right hand side, although we want to show the L 3 - E ' — 
L~ ,cc boundedness. Hence, one must have at least one chance to raise the number p to 
compensate the decease of p caused by the fractional integration inequalities. In (4.11), the 
potential V plays such a role with the Holder inequality. This is the main reason we keep 
one extra potential term V in the spectral representation by considering the perturbation 
m(H)P c — m(— A) instead of m(H)P c , and introducing intermediated kernels Pb^f (x, x, y, y), 
even though they look rather artificial. 

5. Low Frequency Estimate: Proof of Lemma 12.11 (ii) 

5.1. Construction of the formal series expansion. We prove Lemma [2.1l (ii) by mod- 
ifying the argument in Section 4. Note that for small N, the formal series expansion (4.1) 
is not convergent, since (VRq (A)) 4 in (4.1) is not small anymore. For convergence, we 
introduce a new series expansion for (I + Vi2g~(A)) _1 : 

(I + VR+iX))- 1 = (/ + VR+(X ) + B^y 1 = [(I + B x>Xo S Xo )(I + VR+iXo))]- 1 

(5 1) 00 

" = "(7 + VR+(\ Q ))-\I + B Xfi S Xo y Ui = "5 Ao 2 (-B XM S Xo ) n , 

n=0 

where B XM = V(R+(X) - R+(X )) and S Xo = (I + VR^Xq))- 1 . 
Plugging the formal series (|5.ip with Ao = into (2.1), we write 

Pbw " = " V i^-t m(X)xN(VX)lm[R+(X)S (B Xfi S ) n VR+(X)]dX. 

By the free resolvent formula (1.2) (for the first and the last free resolvents) and Fubini, 
the kernel of Pb^ is written as 

00 i i\n+l fQO 



( —\) n + l r 00 
Pb N (x,y)« = " V m(X)x N (Vx) 

r ff e i '^\ x -^\ J-^\y-y\ 
(5.2) * "4JJ 4^|[ S «( B « S «»"]( i '» l '®4^i^ 

Re 

1 (//) \f](-ir +l Pb n N (x,x,y,y)]dxdy, 



dX 



II 



167r 3 |x — x\\y — y \ - 



where 



(5.3) Pb n N (x,x,y,y)= m(X) XN (VX) Im[ e ^(l*-*l+l^«l) [S (i?A,oSo) n ](s, y)]dX. 

Jo 

By Lemma 3.1 (ii), B x $ in (5.2) is small for sufficiently small N. This fact will guarantee 
the convergence of the formal series. 
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5.2. Reduction to the kernel estimates for Pb^. We will show the analogues of 
Lemma 14.11 and 14.31 The proof of Lemma 2.2 will follow from exactly the same argument 
to show Lemma 2.1. Let S be the positive number given by (|3.3p . 

Lemma 5.1 (Decay estimate for Pb^r). There exists K2 ec (x,y) such that for si, s 2 ^ ; 

tKA \ , pwft / ~~ m ^ N2 \\ m \\H(s 1+S2 )K2 ec (x,y) 

(5 - 4) \^ N (x,x,y,y)\ < (N{x _ _ )yi<N{jj _ y))S2 , 

(5-5) \\K2 ec (x,y)\\L?Ll^(S + iy 

y x 

Proof. First, splitting B x ,o = VR% (A) - Vi#(0) in 



, n +i(\\y\k\ n 

2vr 



r 00 _ 

Pb^(x,x,y,y) = m(A) XJ v(v / A)Im[e^(l :E - i l + l^^)[5o( J B Ai0 5o) ri ](x,y)]dA, 
Jo 

we write Pb^r(x, x, y, y) as the sum of 2 n copies of 

(5.6) P m(X) X N(VX)Im[e iVX ^-^y-y^[SoVR+(a l X)So ■ ■ ■ VR+ (a n X)S ]{x,y)]dX 
Jo 

up to +, where a k = or 1 for each k = 1, ...,n. Next, splitting all So into I and Sq in 
(|5.6p . we further decompose (|5.6p into the sum of 2 n+1 kernels. 
Among them, let us consider the two representative terms: 

(5.7) Im f°° m^XNiVxy^-^y-y^iSoVR+ia^So ■ ■ ■ VR+ (a n X)S ](x,y)dX, 

Jo 

rco 

(5.8) Im m(A)xAr(v^)e^ (l ^' l+l ^ l) [yi?+(aiA)---y j R+(a n A)](x,y)dA. 

Jo 

For the first term, by the free resolvent formula (1.2), we write (5.7) in the integral form: 

n+1 n Y\ n + l p ia k V\\x 2k -x 2k+1 \ 

, 1 l/c=0 c 



r°° r 'jZj 1 _ " e ia k ^ A\x 2k ~x 2k+1 \ 

Im m(A)xiv(VA) S (x 2 k-i, %2k) V{x 2k ) J?n° , i r^x (2 2n+1) dA 

Jo Jrs« ; = \ ;J[ lifc = i4vr|x 2fe -x 2fc+1 | 

Jk 6 " llfc = i4vr|x 2fc - x 2fc+ i| (-Jo J v 



where x := x, x\ := x, x 2n+2 := y, x 2n+3 := y, (ix (2 n ) := dx 2 ■ ■ ■ dx n , a n := Y!k=o a k \x 2k 
x 2 fc + i| and «o = «n+i = 1- Then, by Lemma EL"2l with s = s\ + s 2 and |xo — x%\, |x 2n+2 
x 2n +3\ ^ <5"n+i 5 we obtain that 

N2 \\ m \\n(s 1+ s 2 ) 



(5.9) f m(A)xjv(V^)Im(e iv ^ 5 " +1 )dA 

Jo 



< 



<N(x - x 1 ))^{N{x 2n+2 - x 2n+3 )> S2 ' 
Applying (5.9) to (5.7), we get the arbitrary polynomial decay away from xo = x\\ 
N2 \\ m \\H(s 1+ s 2 )K^ 7) (x, y) N 2 \\m\\ H{si+S2) K^ 7) (x, y) 



1(5-7)1 < 



(N(x - xi)>*i<iV(x 2n+2 - x 2n+3 )> S2 <A^(x - x)) s i(N(y - y)>« ' 
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where 



, , „> . 1 Flfc^l 1 \So{x 2 k-l,X2k)\ IlLl \ V ( X 2k)\ ^ 



(x,y) : = 

JR6™ 

= (4^)-™[|5o|(|y|(-A)- 1 |5 |r](x,y) 
and | So | is the integral operator with kernel \So(x,y)\. We claim that 

lK§.T)(2>v)h«il 1 <S"' +1 (||^lk/4vr)". 



Indeed, since lIMI^R-A^Nr/lb < ^H^H/IIl* and ^oKlFK-A)- 1 !^!)" is 
an integral operator, sending / — ► S(- — y), we prove the claim. 
Similarly, we write (5.8) as 



n n LT n+1 p ia k^\ x k-Xk+i\ 
m(\)x N (V\) ^fc) \V , i V d^n)dX 

= f HLi^(^) | r m(A)xjv (VA)Im(e^«)dA}dx 

JlR 3 ™- 3 1 lfc=l 47r Ffc - x k+l\ <- Jo J 



where x := x, xi := x, x n+i := y, x n+2 := y, a = a n+2 = 1 and a n := Y!k=o a k\ x k-Xk+i\- 
Then, by Lemma I4T21 with s = s\ + s 2 and |xo — xi|, |x n+ i — x ra+ 2| < <5"n+i> we obtain that 

< N 2 \\m\\ H{si+S2) K^ s) {x,y) = jV 2 ||m||^ 1+S2 )K ( n 5 g) (x, ^) 

K ' jU {^(xo - zi)>«<JV(x n+ i - x„ +2 )>« <iV(x - x)>«<iV(y - y))^ 

where 

^("5.8)^^) == f nLll^(^)l . = ( 47r )-»(|y|(_A)-l)»(£,y). 

WJ Jk 3 "- 3 lifc = i4vr|a; fc -x fc+ i| 

Then by the definition of the global Kato norm, we prove that 

Similarly, we estimate other kernels, and define K™ um (x,y) as the sum of all 2 2n+1 many 
upper bounds including Kf 5 7 \ (x, y) or Ks_g(x,y). Then, K™ um (x,y) satisfies (5.4) and 
(5.5). □ 

Lemma 5.2 (Summability for Pb-y). There exist a small number Nq = Nq(V) « 1 and 
Kf um (x, y) such that for N ^ No, 

(5-10) \Pb%{x,x,y,v)\ < N 2 \\m\\ H{6) K^ m (x,y), 

(5-11) \\K^ um (x,y)\\LfLl < (S+l)- n+1 \\V\\z n . 

Proof. Let e := ((S + 1) 2 ||F||a:) _1 (see (|3.3p ). Then from Lemma 3.1 (ii), we get Nq := 5 = 
5(e) > an integral operator B such that \B\ ; o(x,y)\ ^ B(x,y) for < A Nq, and 

(5-12) \\B\\ L i^ L i ^ ((S + l^llVHx:)- 1 . 

We define 

K um (x,y) := [(I + \S \)(B(I+\S \)r](x,y), 
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where |i?o| is the integral operator with |$o(x, y)\. Then, by definitions (see (5.2)), K™ um (x, y) 
satisfies (5.10). For (5.11), splitting (J + \S Q \) into I and \S Q \ in K* um {x,y), we get 2 n+1 
terms: 

K um {x,y) = [\S \(B\S \) n ](x,y) + ■■■ + B n (x,y). 

For example, we consider |5'o|(5| 1 S , o|)"' and B n . Since both |5o| and B are integral operators, 
by Lemma 3.4 and (5.12), we obtain 

\\[\S \(B\S \r](x,y)\\L->Ll = \\\So\(B\S \) n \\ L ^ L i ^ S n+1 ((S + l) 2 \\V\\ K )- n , 

y x 

\\B n (x,y)\\^Ll = \\B n \\ L i^ < ((S + lfWVh)-* 1 . 
Similarly, we estimate other 2" +1 — 2 terms. Summing them up, we prove (5.11). □ 



6. Medium Frequency Estimate: Proof of Lemma 12.11 (Hi) 

The proof closely follows from that of Lemma |2. II (ii), so we only sketch the proof. Let 
e := ((S + l) 2 ||y ||/c) _1 and take 5 = 5(e) > from Lemma 3.1 (ii). We choose a partition of 
unity function ip e such that supp ip a [—5, 5], ip(X) = 1 if | A| < | and 2^=i ^(~Xj) — 1 
on (0, +oo), where Xj = jS. 

Let No and Ni be dyadic numbers chosen in the previous sections. For Nq ^ N < N%, we 
first decompose xn(VX) in Pb^ (see (2.1)) into xn(VX) = T^=n/2sXnW where X J N (X) = 
Xn(x^X)iP(X — Xj). Plugging the formal series (|5.ip with Ao = Xj into each integral, we write 
the kernel of Pbjv as 



(6.1) Pbjv(x, V) " = " f f 1fi 3| V{V }^ r [ J (-l) n+1 Pb%(x, x, y, y) 

JJ 16ir a \x - x\\y - y\ L ^ 



dxdy, 



where 



(6.2) 



Pb^(x,x,y,y) 



^ [ m(A)x Ar (VA)Im[ e ^^- i 'l + I^D[5 Aj (i? A , Aj 5 Aj )"](x,y)] ( iA. 

- AT /OX JO 



j=N/28 



By the arguments in the previous sections, for Lemma 12.11 (Hi), it suffices to show the 
following two lemmas: 

Lemma 6.1 (Decay estimate for Pbjy). For Nq < N < N±, there exists dt (x,y) such 
that for si,S2 ^ 0, 

(6.3) |Pb^(x,x,y,y)| < V "" 



(N(x-x))^(N(y-y)} 



S2 



(6-4) \\Kl dec (x,y)\\L*Ll^(S + l) 



n+l(W\k\ n 



y * V 2tT 
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Proof. Consider 

(6.5) f° m(A)x] v (A)Im[ e ^(l^l + l^^){5 Aj ( J B A , Aj 5 Aj )' 1 }(x,y)]dA 
Jo 

among 0(iV)-many integrals in (6.2). As we did in Lemma 14.21 we show that 

~°° - JVHm 



(6.6) f m(A)xi f (A)Im( e i ^)dA 

Jo 



%>N ,Ni 



(Na) s ' 

Repeating the proof of Lemma 5.1 (but replacing So and B Xj q by S x . and B xx . and applying 
(6.6) instead of Lemma I4.2p . one can find ■ dec (x, y) such that for s\,S2 > 0, 

K6.5)i < a^A^g , < ,s +r .'^- 



(N{x — x)) sl (N(y — y)) s ' 2 ' 11 ^.aecv-^iii^i - v~ ' V 2vr 
Define 

5 2iV/<S 

j=N/25 

then it satisfies (6.3) and (6.4). □ 

Lemma 6.2 (Summability for Pb^). For N < N < Ni, there exists K^ sum (x,y) such 
that 

(6-7) \Pb%(x,x,y,y)\ < N 2 \\m\\ H{6) K^ tSum (x, y), 

—n 
K ■ 



(6-8) \\K n N (x,y)\\ L ?Ll < (S + l)-" +1 ||F 



Proof. Consider (6.5). By the choice of e and 5 and Lemma 3.1 (ii), there exists an integral 
operator B such that \B X)X .{x,y)\ < B(x,y) for |A — Ay| < 5, X, Xj ^ 0, and \\B\\ L i^ L i < 
((5 + 1) 2 ||F||a;) _1 . Let \S\j\ is the integral operator with integral kernel \S x .(x,y)\. Then, 
we have 

|(6.5)| < N\\m\\ H(6) [(I + \S Xj \)(B(I + \S Xj \)) n ](x,y). 

Define 

2N/S 

K um (x,y) := j- 2 [(I + \S Xj \)(B(I+\S Xj \)r](x,y), 

j=N/25 

then it satisfies (6.7) and (6.8). □ 

7. Application to the Nonlinear Schrodinger Equation 

7.1. Norm equivalence. Following the argument of [7], we begin with the boundedness of 
the imaginary power operators. For aeR, the imaginary power operator H ia P c is defined 
as a spectral multiplier of symbol A* a l[o,+cc)- We consider H ia P c instead of H %a just for 
convenience's sake. By Lemma 13.61 the boundedness of H %a P c is equivalent to that of H ia . 
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Lemma 7.1 (Imaginary power operator). IfVelCon L 3 A°° an d }{ }i as no eigenvalue or 
resonance on [0, +oo), then for ael, 

\\H ia P c \\ L r^ L r < (a) 6 , 1 < r < oo. 
Proof. Since || A 4Q T[o,+co) 11^(6) ~ ( a ) 6 ) the lemma follows from Theorem ll.il □ 

Proposition 7.2 (Norm equivalence). // V e /Co n L 3//2,0 ° and .ff aas no eigenvalue or 
resonance on [0, +oo), then for < s < 2 and 1 < r < 

(7.1) ||H5P c (-A)-f /||ir < ||/|| L r, 
(7-2) ||(-A)ffr-fP c /|| L r < ||/|| £ r. 

Proof. (7.1): Pick f,g e L 1 n L 00 such that supp/ c 5(0, R)\B(0, r), P n< .^ N g = P c g for 
some R, r, N,n > 0. Note that by Lemma 3.5, the collection of such / (g, resp) is dense in 
U {L r \ resp). We define 

F(z) := (H z P c (-A)-*f,g) L2 = ((-A)- Rcz - n ™ z f,H-^ z H Rez g) L2 . 

Indeed, F(z) is well-defined, since (-A)- Rez - ilmz f,H- llmz H Rcz g e L 2 . Moreover, F(z) 
is continuous on S = {z : < Rez ^ 1} c C, and it is analytic in the interior of S. We 
claim that HP C (— A) -1 is bounded on U for 1 < r < |. Indeed, by Lemma 3.6 (i), 

itfPct-A)- 1 /!!^ < K-A + y)(-A)-viu- < ii/Hl- + m-ArviiL- 

By the Holder inequality (Lemma A. 2) and the Sobolev inequality in the Lorentz norms 
(Corollary A. 6), we have 

Hence, by the claim and Proposition 17. 1\ we get 

F(l + *a) < ||5 1+iQ P c (-A)- 1 - ia /|| i Hl5ll L .' ^ <a> 6 ||/||LHl5ll Lr ', (1< r < |), 
F(ia) < ||^P c (-A)- iQ /|| L ,||5ll L ,' < (af\\f\\ L r\\g\\ Lr ,, (1< r < oo). 

Therefore (7.1) follows from the Stein's complex interpolation theorem. 

(7.2) : Pick / and g as above, and consider 

G(z) :=((-AyH- z P c g,f) L 2. 

We claim that {—A)H~ l P c g is bounded on L r for 1 < r < |. By the triangle inequality, 

K-AJff-^llir = IKiT-TOtf- 1 ^!^ sc ||P c a|| L , + WVH^PcgUr. 

By Lemma 3.6 (i), ||P c o||L r ~ llsl|L r . By the Holder inequality in the Lorentz norms (Lemma 
A. 2) and the Sobolev inequality associated with H |141 Theorem 1.9], we get 

\\V H~ l P c g\\ L r sC \\V\\ Li /2^\\H^ l P c g\\ 3r < \\V\\ L3 /2,w \\g\\L r - 

Repeating the above argument with the complex interpolation, we complete the proof. □ 
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7.2. Local well-posedness. Now we are ready to show the local-in-time well-posedness 
(LWP) of a 3d quintic nonlinear Schrodinger equation 

(NLSy) iut + Au - Vu ± \u\ 4 u = 0; u(0) = u . 

Theorem 7.3 (LWP). IfVe /Co^T 3 / 2 ' 00 and H has no eigenvalue or resonance on [0, +oo), 
then NLSy is locally well-posed in H 1 : for A > 0, there exists 5 = 5(A) > such that for 
an initial data uq e H 1 obeying 

||V-uo||l2 j% A and \\e~ ttH uo\\ L io L w < 5, 

*e[0,Tq] X 

NLSy has a unique solution u e Ct(I; , with I = [0,T) <z [0,Tq], such that 

||Vn|| 10 30/13 < oo and ||u|| L io L w < 25. 

Proof. (Step 1. Contraction mapping argument) Let tpj be the eigenfunction corresponding 
to the negative eigenvalue Xj normalized so that IIV'.j'IIl 2 = 1. Choose small T e (0, To) such 
that IIV^'H^io £io, IIV'jIlL 2 £2^1 for all j, where I = [0,T]. For notational convenience, we 
omit the time interval / in the norm II • II r p if there is no confusion. Following a standard 

II IIXv teJ & 

contraction mapping argument [3J [23] , we aim to show that 

$ U0 (v)(t) :=e~ itH u ±i C e-^ H (\v\ 4 v(s))ds 

Jo 

is a contraction map on 

B a ,b ■= {v : Hz,, 10 sS a, || Vv\\ 10r 30/13 sS b}, 

where a, b and 5 will be chosen later. 

We claim that & uo maps from B a ^ to itself. We write 

ll*«o(«)lliJ° < le- itH «o|| L io + f e-^ H P c (\v\"v(s))ds 

' JO L t,x 



J 11 r 



t J 

(I L t,x j = l 



By assumption, 1^5. For II, by the Sobolev inequality associated with H [14, Theorem 
1.9], Strichartz estimates (Proposition 1.5) and the norm equivalence, we get 



II < f e- l ^ H P c H l ' 2 {\ 
Jo 



v\ v(s))ds 



- 10 r 30/13 



(7.3) < \\H 1 I 2 P c {\v\*v)\\ t2t6 ,s < \\V{\v\ A v)\\ T2T e l5 < \\vf Ll0 [|Vw|L 10r 30/13 s= a%. 

lj + J-'x ^t^x t,x ^x 



For the last term, by the Holder inequality, the choice of T and (7.3), we obtain 



IIIj 



JO L t'x v Jo ' 

< H V (l W | 4w )ll L 2 L 6/5|||VrVjllL2L6 £ l|V(|^| 4 ?;)|| i .2 i 6/5||V'i||L2_ L 2 0%. 
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Therefore, we prove that 

(7.4) ll*«o(«)||£jo < 5 + Ca%. 
Next, we write 

J J 

l|V$ U0 (w)|| il0L 3O/13 «S \\VP c <f> Uo (v)\\ LlOL Z 0/13 + V ||VP Aj $ M0 (w)|| Ll0i 30/13 = 1+ Y II j. 

3 = 1 3 = 1 

For I, by the norm equivalence, Strichartz estimates and (7.3), we obtain 

J < \\H l l 2 P c $ U0 (^ll^o^o/ia < \\H l l 2 P c u4 L 2 + WH^P^vfv)^^ 
< \\Vu \\ L 2 + WH^P^v^W^, <A + a%. 

For II, by the Holder inequality, (7.4) and Lemma [331 we get 

II j K$u (v),1pj) L 2\\ L io\\'lpj\\ L 30/i3 < \\$uo(v)\\ L w |^|Lio/9 < 5 + a%. 

Collecting all, we prove that 

(7.5) ||V$ U[ »|| 10 30/13 < CA + Ca A b. 

t x 

Let b = 2AC, a = min((2C)~*, (2C6) _ 5) and 5 = § (=> Ca 4 6 sc AC and Ca% sc \ 
Then, by (7.4) and (7.5), $ Uo maps from B a ^ to itself. Similarly, one can show that 
contractive in B a j,. Thus, we conclude that there exists unique u e B a ^ such that 

u{t) = $ U0 (u) = e- itH u + i f e-^-^du^u^ds. 

Jo 

(Step 2. Continuity) In order to show that u(t) e Ct(I; H^), we write 

nil) - <r itH (P c u + V P A? u ) ± i C e-^ H (p c (\u\ 4 u)(s) + V P X A\u\ 4 u)(s ) ) ,/., 



(P c u + J] P A , no) ± i f e^'^ (p c (|n| 4 n)( S ) + £ P A 
3=1 J ° 3=1 

P c n + V e-^P A .n + i fe- i ( i - s ^P c (|n| 4 n)( S ) ( i S 

Jo 



3=1 

±»V fe- i ^- s )^P A ,(|«| 4 n)( S )d S 
i=1 Jo 

j j 
= : J(t) + 2 ^i(i) + + 2 IV 3 {t). 

3=1 3=1 

For I(t), by the norm equivalence and L 2 -continuity of e~ ltH , we have 

\\I(t) - /(to)H^ < ||(e- itH - e-^tf^PcUolb - as t - to, 
since ||PT 1 ' 2 P c uo||i2 < ||it||^i < go. IIj(t) is continuous in H 1 , since 

||Pa^o||^i = \(uo,^j)L 2 IllV'ill hi ^ llnoH^iUV'illH-i ^ IMjji||V'jll.L6/S < oo- 
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For III(t), by the norm equivalence, Strichartz estimates and (7.3), we have 



\\III(t) -III(t )\\Hi £ \\H l l 2 {III{t)-III{tv))\\ L 2 < \\H l / 2 P c (\u\ 4 u)\\ 2 6/5 - 

se[i ,t] 31 

as t — > to- F° r rVj{t)} by the Holder inequality and (7.3), we write 

\\IVj(t) - IVjito^fr sc ||^illHi||V(|u| 4 «)(s)|| L2 L 6/5|||V|-Vill^ r , ,.Lg 
< ||V(|«| 4 tt)(s)|| 2 r 6/s ||-0jlli?i 2 ^ as t ^ t - 
Collecting all, we conclude that u(t) is continuous in H 1 . □ 

Appendix A. Lorentz Spaces and Interpolation Theorem 

Following [23J, we summarize some properties of the Lorentz spaces. Let (X,p) be a 
measure space. The Lorentz (quasi) norm is defined by 



\fh 



Lp>q • 



P 1/9 ||Am({|/| > A }) 1/P II L9((0 , +O0 ) : f) when 1 ^ P < » and 1 ^ g ^ oo; 
^oo when p = q = oo. 



Lemma A.l (Properties of the Lorentz spaces). Let 1 < p ^ oo and 1 ^ Q,Qi,Q2 ^ °°- 

(i) L p,p = L p , and L p,0 ° is the standard weak LP -space. 

(ii) Ifqi sC q 2 , L p > qi <z L p 'i 2 . 

Lemma A.2 (Holder). // 1 p,pi,p 2 , q, qi, <?2 < oo, \ = ^ + ^ and | = ^ + ^, t/ien 

||/°||i>9 ~ ||/5l|Z/P2-92 • 

Lemma A. 3 (Dual characterization of L p,q ). If 1 < p < oo and 1 < a ^ oo, then 



\f\\LP-i ~ SUp 



fgdfi 

x 



A measurable function / is called a sub-step function of height i7 and width if / is 
supported on a set £7 with measure p(E) = W and |/(»)| H almost everywhere. Let T 
be a linear operator that maps the functions on a measure space (X,p,x) to functions on 
another measure space (Y,fj,y). We say that T is restricted weak-type (p,p) if 

|| Tf || L p,oo < HW 1/p 

for all sub-step functions / of height H and width W. 

Theorem A. 4 (Marcinkiewicz interpolation theorem). Let T be a linear operator such that 

(Tf, g) L 2 = J Tfgdp, Y 

is well-defined for all simple functions f and g. Let 1 ^ Po,PuPo->Pi ^ o - Suppose that T 
is restricted weak-type (pi,pi) with constant A{ > for i = 0,1. Then, 

\\Tf\\ L p g , q < Al~ e A{ || /|| z,pe >«, 
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where < < 1. 1. = 1=1 + ± l = 1=2 + « p e >\ and l^o^oo. 

' Pe po pi Pe Po Pi ' ya H 

In this paper, we use the interpolation theorem of the following form: 

Corollary A. 5 (Marcinkiewicz interpolation theorem). Let T be a linear operator. Let 
1 < p\ < p2 ^ go. Suppose that for i = 0,1, T is bounded from L Pul to L Pi,x> . Then T is 
bounded on LP for p% < p < p2 ■ 

Proof. The corollary follows from Theorem A. 4, since T is restricted weak-type (pi,Pi). 

rCO rH 

1/IU.i = Pi MI/I > X) l,IH d\ sc Pi W l ' pi d\ = Pl HW l 'P\ 
Jo Jo 

for a sub-step function / of height H and width W . □ 
Corollary A. 6 (Fractional integration inequality in the Lorentz spaces). 

f(y) 



\x — y\ d 



-dy 



(A.l) f 

Jt 

where 1 < p < q < cc, l^r^oo and \ = \ — 4. At the endpoints, we have 

q p a 

(A.2) f -JQL—dy i „ < ll/IUi, f , dy < \\f\\ Ld ,s,i. 

Md \x-y\ d - s y L^^(Rd) llJllLl J Rd \ x -y\ d - s tf l<°(r*) u iil 

Proof. (A.2) follows from [20|. Theorem 1, p. 119] and duality. Corollary A. 5 then gives 
(Al). □ 
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